In the seminal paper on optimal execution of portfolio transactions, Almgren and Chriss define the optimal trading strategy to liquidate a fixed volume of a single security under price uncertainty. Yet there exist situations, such as in the power market, in which the volume to be traded can only be estimated and becomes more accurate when approaching a specified delivery time. In this paper, we develop a model that accounts for volume uncertainty and show that a risk-averse trader has benefit in delaying their trades. We show that the optimal strategy is a trade-off between early and late trades to balance risk associated to both price and volume. With the incorporation of a risk term for the trade volume, the static optimal strategies obtained with our model avoid the explosion in the algorithmic complexity associated to dynamic programming solutions while yielding to competitive performance.
Introduction
The optimal execution problem refers to the problem of finding the best trading strategy in order to ensure the transition from one portfolio to another within an allocated period of time. A trading strategy consists of buy and sell orders exchanged on the dedicated market. This problem of optimal execution is germane to markets where liquidity is insufficient. Indeed, on insufficiently liquid market, price dynamics are sensitive to large trades. Hence, a rational trader should take into consideration the impact of their own trades, which is assumed adverse to their trading position in the sense that it increases their trading cost. In their seminal paper on optimal execution [1] , Almgren and Chriss assumed that the impact of the trades on the price dynamics is divided in a temporary and a permanent impact. The temporary component refers to the price shift due to the lack of resilience of the limit orders in the book, and only affects the price of the trading period on which the trades occur. In contrast, the permanent impact refers to the price shift of the market prices in future trading periods due to the temporary exhaustion of the market order book. Overall, the optimal execution model proposed in [1] captures both the inherent random evolution of the prices, as well as the effect of a trader's trades on the price dynamics.
In this paper, the trading cost of an execution strategy refers, by abuse of language, to what is commonly called the liquidation cost or the implementation shortfall, i.e. the difference between the trading cost incurred at the end of the execution period by following the trading strategy with the idealised trading cost obtained if the entire position were traded at the start of the execution period in an infinitely liquid market, i.e. in comparison to a hypothetical market in which trades have no impact on the price dynamics.
In article [1] , Almgren and Chriss proposed to apply the return-risk trade-off defined by Markowitz in [18] for portfolios hedging to the optimal order execution problem previously stated in [5] by Bertsimas and Lo, which exclusively focuses on the minimisation of trading cost expectation. By adopting this mean-variance trade-off, Almgren and Chriss added the missing nuance of risk into Bertsimas and Lo's model. Under uncertain price moves, article [1] shows that the optimal trading strategy for a risk-averse trader desiring to minimise the mean-variance trade-off of their trading cost is to split their position into smaller orders, which are executed over the course of the entire execution period. The more risk-averse the trader, the faster the acquisition of the desired position in order to avoid the risk linked to the price dynamics. Almgren and Chriss' model is still widely used in the hedge fund and in the algorithmic trading industry.
The strategies derived with Almgren and Chriss' model are static. Moreover, if a trader recomputes the optimal strategy mid-course, the future trading plan remains unchanged since future price fluctuations are assumed independent from the past realisations. Nevertheless, this property for a trader of not having to update their trading strategy does not hold in the case where they know beforehand that recourse is tolerated mid-course. Indeed, in [2] , Almgren and Lorenz prove that, due to the time inconsistency of the variance measure, significant improvements are obtained if a trader defines as part of their strategy a mid-course strategy updating rule. The optimal strategies defined in [2] are "aggressive-in-the-money" (AIM) in the sense of Kissell and Malamut [14] : the trading execution is accelerated in the case of favorable prices, and slowed down during periods of adverse price movements. Article [17] extends these results in the case of continuous strategy updates. The idea behind an AIM strategy is to take advantage of the non-correlation of the price movements at each period and the expected future trading cost of the trading strategy.
Similar to the condition of non-arbitrage opportunities in derivatives pricing models, Almgren and Chriss' model must satisfy some regulatory properties to be viable. In [13] , Huberman and Stanzl provide necessary and sufficient conditions for a market to be free of price manipulations, i.e. there exists no strategy such that the initial and final position are equal and such that the trading cost expectation is strictly negative. Similar conditions have then been proposed for the continuous formulation of Almgren and Chriss' model by Gatheral and Schied in [12] . Gatheral and Schied have also provided conditions to certify the absence of a larger range of market manipulations: transaction-triggered price manipulations and negative expected liquidation costs (see [12] for the definitions).
In [11] , Gatheral and Schied investigated how the optimal trading strategy defined in Almgren and Chriss' framework would be affected if the unaffected price process were a geometric Brownian motion (GBM) rather than, as assumed by Almgren and Chriss, an arithmetic Brownian motion (ABM). Based on the time-consistent time-averaged value-at-risk risk measure, Gatheral and Schied confirm analytically Forsyth et al.'s [10] numerical results: solving the optimal execution problem under the ABM assumption is not very suboptimal when the actual price process is a GBM. Related to a different subject, papers [1, 16, 20] discuss the impact on the optimal trading strategy when a drift is added to the price dynamics. Finally, because the variance is a time inconsistent risk measure that penalises both the advantageous and adverse trading cost outcomes without any distinction, other risk measures have been used in the literature, such as the expected utility used in [21, 22] , or the conditional value at risk (CVaR) in [7, 9, 15] .
In all papers previously cited, the total volume of securities to be traded is given as a fixed parameter. In this paper, we are interested in the situation where this volume is uncertain and for which a trader disposes of an estimate that varies during the course of execution. As a consequence, a trader must define their trading strategy based on forecasts of the total volume to be traded. This situation is frequently encountered in practice. For example, in the course of a trading day, shares in a mutual fund may be traded in the secondary market in which the fund manager participates to provide liquidity to avoid substantial deviations of the fund's market valuation to the mark-to-market value of the fund's holdings. At the end of the day, this creates an imbalance of an as yet unknown volume of shares to remit or create, which generates a need to trade in the position of the portfolio itself. The methodology presented in this paper would allow the fund manager to execute these trades during the current trading day itself, rather than to delay these to the next trading day, which would increase the liquidity of the mutual fund for its investors. Another example is the clearing of power futures markets, which has to result in an outstanding volume close to the realised demand in every given delivery period, as the spot market has limited liquidity due to the physical constraints of the power plants used for generation. For these actors, it is of primary importance to have an execution program that considers the risk associated with both the volume uncertainty and the price dynamics.
To our knowledge, no previous model considers these two sources of uncertainty. A related article is [8] , where Cheng, Di Giacinto, and Wang investigate the optimal strategy with uncertain order fills, i.e. the risk for an order to be filled either incompletely or in excess. In significant contrast to our situation, in their setting the magnitude of this additional uncertainty is assumed to be proportional to the order size. In our case, the uncertainty is independent of the trader's decisions: at the end of every trading period, the forecast of the total demand is updated based exclusively on extraneous variables. As a consequence, our model assumes that both sources of uncertainty, i.e. the price dynamics and the forecast updates of the total demand, are inherent to the market and independent of the trader's trading strategy.
The rest of the paper is structured as follows. In Section 2, we propose a model that incorporates the trade volume uncertainty in the CVaR equivalent of Almgren and Chriss' model. Then, we prove that the optimisation problem that needs to be solved to get the optimal strategy under this framework admits an unique solution. Section 3 provides numerical evidence that our model achieves significantly better mean-CVaR trade-offs compared to the situation where the volume uncertainty is neglected. Section 4 comments the model proposed in Section 2 and proposes avenues for further research into the subject. Finally, Sections 5 and 6 respectively provide the details of the implementation of the model and conclude the paper.
Model
In order to fit with the framework described in the introductory examples, we formulate the optimal execution problem from the point of view of a trader that desires to acquire their position within a fixed time horizon; this is the reciprocal situation from the liquidation problem described in [1] .
Optimal execution under price uncertainty: Almgren and Chriss' framework
We use the following notation: d T is the total volume to be traded by time T over N execution periods, S 0 is the initial price, and τ k is the length of the trading period between the two consecutive discrete decision times t k−1 and t k ; by abuse of language we also use τ k in the sense of the k-th trading period. As Almgren and Chriss, we consider that the price dynamics follow an arithmetic random walk with independent increments. Finally, if, additionally to these assumptions, the market temporary and permanent impacts incurred by the trades are inserted in the price dynamics, we obtain that the prices evolve as follows for
where S k is the security price at decision time t k , n k is the volume of securities bought (negative if sold) during trading period τ k ,S k is the effective security price for the trades executed during trading period τ k , ξ k is a continuous random variable with zero mean and variance σ 2 k , and where g and h respectively model the permanent and temporary price impact as a function of the average trading rate over the trading interval. The liquidation cost is then a random variable given by (3), here formulated from a buyer's perspective.
where a k is the number of units that the market participant must still trade at decision time t k , i.e.
Given Markowitz' mean-variance framework and given a trader's risk-aversion parametrised by λ, Almgren and Chriss' optimal trading strategy is obtained by solving the following optimisation problem: minimise
where n is the vector of the trades of each period, and where 1 is a vector of 1s, i.e. [1, 1, . . . , 1] T . Gatheral and Schied (see Corollary 1 in [12] ) proved that the continuous formulation of Almgren and Chriss' model is free of price manipulations, which is tantamount to the market viability, if the following conditions are satisfied: (i) function g is linear nondecreasing, i.e. g(v) = γv with γ ≥ 0, and (ii) function f : x → xh(x) is convex. These conditions on the impact functions are empirically observed as shown in [3] . In the discrete formulation, additionally to the linearity of function g, Huberman and Stanzl (see Proposition 2 in [13] ) provide the following necessary condition which has been adapted to our price model (see Equations (1) and (2)):
where q is the volume traded during trading periods τ i and τ j . In their paper [1] , Almgren and Chriss assume the following permanent and temporary impact functions, which we will also consider:
where v is the average trading rate over the trading interval. This choice of functions is sensible; parameters ǫ and η might be considered as the fixed and variable costs of trading. A reasonable estimate for ǫ is the sum of half the bid-ask spread and the trading fees [1] . The parameter η can be interpreted as the gradient of a linear model for the volumes of orders in the limit order book as a function of the deviation from the best limit order. As a consequence of the temporary impact, any market participant incurs an additional cost of
for trading n units of the security during a period of time τ k .
Optimal execution under price and volume uncertainty
In the case where d T , the total volume to be traded by time T , only becomes fully deterministically known at time T , Optimisation Problem (4) must be adapted in order to ensure that the trader acquires the right number of units of the security.
In this paper, we consider that the uncertainty linked to the total volume to be traded is defined as follows. For a given delivery period T , let D i be the forecast at time t i of the total volume to be traded by time t N = T ,
where
is the filtration of σ-algebras that represent the information available at time t i . Let us assume that two successive forecasts are linked by a Gaussian variable,
where D N = d T , the total volume to be traded by time T . Moreover, we assume that the random variables representing the forecast updates are independent from one another, as well as from the random variables representing the prices moves. Hence, we have that ∀i = j : ξ i ⊥ ξ j , that ∀i = j : δ i ⊥ δ j , and that ∀i, j : ξ i ⊥ δ j , where the notation A ⊥ B means that the random variables A and B are independent. Obviously, in the presence of volume uncertainty, the constraint of Optimisation Problem (4) might not be enforced since only a rough estimate, i.e. D 0 , of the total volume to be traded is known at time t 0 . Nonetheless, Almgren and Chriss' model may be useful as a planning tool when it is deployed in conjunction with a systematic recourse whenever a demand forecast update becomes available. A trader would then, at each trading period, recompute and update their trading strategy based on the new demand forecast available. The main flaw in Almgren and Chriss' approach is that a trader is unable to define a static strategy at time t 0 that ensures the satisfaction of the constraint of Optimisation Problem (4). Indeed, the volumes to be traded at each trading period must constantly be updated. To get around this issue, we subsequently propose a new way of defining a trader's strategy and of estimating the total trading cost. Furthermore, to avoid an explosion in the algorithmic complexity of numerical evaluations of the model, we want to avoid approaches based on dynamic programming and focus on models that account for the impact of recourse actions via the incorporation of a risk term.
First, in contrast to Almgren and Chriss, who define a trader's strategy as the volumes to be traded in each trading period, we define a trader's strategy as the proportion y i of the total demand d T to acquire over the course of each trading period τ i . Naturally, the following constraint must hold to enforce the distribution of the demand over all the trading periods:
Then, because estimates of the total volume to be traded vary during the execution period, the defined strategy ought to adapt to the market modifications. In our model, we predicate that when an update on the demand forecast occurs, the trader adjusts their trading strategy by redistributing the change in demand over the remaining trading periods according to a fixed distribution independent of the decision variables. Considering these corrections upfront allows to partially account for future recourse actions without having to compute a costly dynamic programming simulation. For instance, if δ k is the forecast update that came to our knowledge at the decision time t k , then the error due to the past decisions amounts δ k k i=1 y i . This is the additional trade volume that needs to be distributed over the remaining trading periods, and it may be positive or negative. In our approach we redistribute this additional volume over the future trading periods according to fixed proportions. We treat these fixed proportions as model parameters and leave the learning of optimal parameter values to future work. Let us denote β k,j the proportion of the error δ k to correct for at trading period τ j . Obviously we must have β k,j = 0 if j ≤ k, and N j=k+1 β k,j = 1. By considering these assumptions, a trader's trading cost is the following random variable:
where n i is a random variable representing the volume to be traded during trading period τ i :
We have thus that the random variable n i follows a normal distribution of parameters µ i = y i D 0 and σ
. The volume n i to trade at trading period τ i is composed of (i) the proportion y i of the best demand estimate D i−1 , and (ii) the position adjustments related to the previous demand forecast updates. From (13), we observe that, given a realisation of the forecast updates, any n i is expressed as a linear combination of the decision variables y k for k = 1, . . . , i. So, given the sample space Ω, for any realisation ω ∈ Ω, one can find a lower diagonal matrix M(ω) such that
The cost function as expressed in (12) is the total trading cost of a market participant when they stick with their initial strategy, under the consideration of the rough model on their recourse determined by the parameters β j,i . Obviously, the trader will have to trade on the spot market the residual demand δ N , i.e. the forecast update of the last trading period.
Finally, we consider that a risk-averse trader would be more interested in minimising their expected trading cost conditional to a quantile of worst case scenarios rather than minimising the variance of their expected trading cost over all scenarios. Indeed, we consider that if a trader is guaranteed to not having to pay excessively during adverse times, the variance of their trading cost is not of foremost importance. Thus, the trader merely seeks to hedge their trading cost risk under extreme scenarios. As a consequence, similarly to [7, 9, 15, 19] , we decided to quantify the risk of a trader's position with the CVaR risk measure:
is the cumulative distribution function of C(y). The conditional value at risk, i.e. CVaR, is a coherent risk measure [4] that focuses on the extreme costs and can be interpreted as the expectation of the costs exceeding a certain threshold, i.e. VaR α [C(y)]. Given a risk-aversion parameter λ, a trader thus tries to minimise the mean-CVaR trade-off of the total trading cost: minimise
Note that in Optimisation Problem (18), a trader's recourse is estimated upfront rather than being simulated via dynamic programming to avoid the curse of dimensionality that plagues stochastic optimisation. Nevertheless, in contrast to Almgren and Chriss' model, Model (18) is well-defined since it adapts to the total demand variability and is thus guaranteed to satisfy the constraint that the total trade volume equals d T − δ N .
Analogous to Almgren and Chriss' model, we can prove that the objective function of Optimisation Problem (18) is convex on its feasible set Y := y ∈ R N | 1 T y = 1 . Proving that the objective function is convex on Y for any positive value of λ is equivalent to proving that both functions f 1 :
Proof. Given (12), E [C(y)] can be written as follows:
Obviously the first expectation is equal to zero since, ∀i, ξ i is a zero mean random variable and since ∀i, k : ξ i ⊥ δ k . Then, if we write the explicit formulation of the expectation, we have:
Hence, if function C( · ; ω) : R N → R; y → C(y ; ω) is convex in y for all ω, then the result of lemma 1 holds, as the expectation of C(y) might be seen as a positive weighted sum of the C(y ; ω). Let a i,ω be shorthand for D 0 − i k=1 n k,ω . Because for any ω, there exists a linear transformation between y and n ω := [n 1,ω , . . . , n N,ω ]
T as shown in (14), proving the convexity of C( · ; ω) in y is equivalent to prove the convexity of C( · ; ω) in n ω [6] , where
The two last terms are obviously convex, while the two first ones can be combined on observing the following fact:
where we used the fact that
As a consequence, we have the following equality:
which is strictly convex if ∀i ∈ [1, N ] : η > 1 2 γτ i ; this terminates the proof.
Proof. Similarly to Rockafellar and Uryasev in [19] , we assume that the distribution functions of the random variables representing the prices moves and forecast updates are continuous. Hence, based on the cost Model (12), we can prove that for any y the cumulative distribution function of the trading cost F C(y) is a nondecreasing continuous function with respect to γ. As a consequence, we have that β y = 1 − α.
Then, ∀ y 1 , y 2 ∈ Y and ∀θ ∈]0, 1[ such that x = θy 1 + (1 − θ)y 2 , we have that
However, we have proved in lemma 1 that function C( · ; ω) is strictly convex in x for all ω ∈ Ω, hence
Then, since
and, since ∀ω ∈ Ω c yi :
which proves the strict convexity of CVaR α . Proof. The proof is straightforward based on lemma 1 and lemma 2.
Analogous to Almgren and Chriss' model (4), theorem 1, the convexity and the non-emptiness of the feasible set Y imply, under the conditions that λ ≥ 0 and η > 1 2 γτ i , ∀i ∈ [1, N ], the existence and uniqueness of an optimal execution strategy under the model defined in (18) .
The condition that η > (6) and (7), Condition (5) becomes
which, since ǫ ≥ 0, is satisfied if η >
1 Equation (21) intuitively means that the temporary cost incurred by buying and reselling any same amount q of shares should always be greater than the cost saving opportunity engendered by the price shift of the permanent impact. As a consequence, no trader will have interest in impacting the price dynamics with artificial trades.
Numerical results
In this section, we analyse the influence of volume uncertainty on the optimal trading plan. We provide some numerical evidence that, when volume uncertainty is considered, a trader should adapt their execution program by delaying their trades. To illustrate the results, we apply the model developed in this paper on a slightly modified application compared to the one given in Almgren and Chriss' paper [1] ; Table 1 summarises the market details of the test case. It is assumed that the market has a single stock, which has a bid-ask spread of 1/8 and a median daily trading volume of 5 million shares. For the temporary impact, the fixed cost factor ǫ is assumed to amount one half of the bid-ask spread. Additionally, Almgren and Chriss suggest that a trader incurs a price impact equal to one bid-ask spread for every percent of the daily volume, i.e. η = (1/8)/(0.01 · 5 × 10 6 ), which we adopt in our paper as well. As for the permanent price impact, Almgren and Chriss assume that the price effects become significant when 10% of the daily volume is traded. In this application, we assume that the effect is significant if it corresponds to 16 times the bid-ask spread, i.e. $2, whereas article [1] considers a price shift equal to one bid-ask spread as significant. This increase of scale allows us to more clearly illustrate the contribution of volume uncertainty in the risk adopted by the trader, but it is also not completely unrealistic for 1 The following less restrictive condition is also valid, which corresponds the condition we would obtain in order to guarantee the strict convexity of Model (18) when injecting Constraint (11) in (19):
illiquid assets. We therefore set γ = (16/8)/(0.1 · 5 × 10 6 ). For smaller values of γ, the impact of volume uncertainty is slightly smaller but, due to the cumulative effect of sequential trades, even small savings in the trading cost make a large difference over time. Finally, we assume that for each trading period τ i , the forecast update follows a zero mean normal distribution of standard deviation equal to 5% of the initial forecast D 0 , i.e. ν i = 0.05D 0 , and that this residual volume to trade is evenly redistributed over the future trading periods, i.e.
In practice, the exact distributions of the price moves and the forecast updates are unknown and are estimated from historical data. 
Optimal strategies

Volume or price uncertainty
Figure 1b depicts the optimal strategies obtained with Almgren and Chriss' model, i.e. price uncertainty only, when risk is evaluated with the CVaR measure. As expected, the optimal strategies obtained are similar to the ones obtained when the variance evaluates the risk incurred (see [1] ). We investigate now how the optimal trading strategies evolve when the uncertainty solely stems from the total volume to be traded. It is thus assumed that the price dynamics is only impacted by the permanent impact of the trades and not by a random walk. or, in other words, that σ i = 0 for all trading periods τ i . Figure 1a depicts the optimal trading strategies for different risk tolerances under the framework proposed in Section 2 which accounts for the total volume uncertainty. We observe that a risk-averse trader should trade more in the first trading periods compared to the last ones. The greater the trader's risk-aversion, the greater the part of the total volume traded in the early periods. This behaviour is justified by noticing the following facts: (i) a trader's trading cost is dominated by the sum of the squares of the volumes traded in each period, and (ii) the worst case scenarios are mainly those where the forecasts underestimate the total demand. Hence, under the CVaR framework which focuses on minimising the trading cost of the worst case scenarios, a trader should anticipate the increase of the total volume to be traded by trading more in the first periods in order that the effective volumes traded on each trading periods have the same order of magnitude. Indeed, the volume to trade during trading period τ i (see Equation (13) In the same manner as for the case with price uncertainty only, considering exclusively volume uncertainty leads to front loading of trades; the shape of the trading strategy is however concave while it was convex under price uncertainty only.
Price and volume uncertainty
In this complete framework, a trader is sensitive to both (i) the price volatility, and (ii) the uncertainty on the total number of contracts to trade. Figure 2a depicts the optimal trading strategies, when both sources of uncertainty are taken into account. These strategies vary from those in the case where only price uncertainty is considered; the difference between the two situations is represented in Figure 2b . We observe that, when volume uncertainty is considered, a trader should mitigate their traded volume of the first trading period and spread it over the next periods.
The impact of considering volume uncertainty on the optimal strategies is consistent with intuition: if the volume to trade is uncertain, waiting for having a more precise estimate of this volume is more advantageous in terms of risk reduction. Moreover, we also observe in Figure 2b that when volume uncertainty is considered, the more risk-averse the trader, the bigger the impact on their optimal strategy. Figure 2b also illustrates that the change in the execution strategy when volume uncertainty is included is non-monotonic due to two different subsets of extreme events: those in which volume forecasts are increased in late trading periods, and those where volume forecasts are downsized. As discussed earlier, the first situation requires keeping some trade capacity in reserve to avoid having to upsize the traded volume in the latest stages to a level that is strongly affected by liquidity constraints, whereas the second situation makes it necessary to avoid over-trading in the early trading periods and having to trade out of these positions later. This effect is picked up due to the incorporation of recourse estimates and the use of the CVaR measure that focuses on extreme events.
Model performance
In this section we analyse the performance of the models presented in Section 2. As mentioned previously, Almgren and Chriss' model is not directly applicable in practice under price and volume uncertainty due to the constraint of Optimisation Problem (4). However, as suggested, one might use this framework in conjunction with a systematic recourse at every trading period. To be comparable, we should also allow recourse in our model, however we will see that a static strategy already gives better results compared to the recursive version of Almgren and Chriss' model. Table 2 reports the performance of the Almgren and Chriss' model with recourse in the case of a market described by the parameters listed in Table 1 . As predicted, the greater the risk-aversion, the greater the expectation and the smaller the variance of the trading cost. Table 3 reports the performances of Model (18) in two distinct cases. The first case corresponds to a trader that wrongly assumes that the total volume to be traded is certain and will not change along the course of the execution of their strategy. As a consequence, the optimal strategies obtained correspond to the ones obtained if the trader considers that uncertainty is exclusively coming from the price dynamics Table 1 . Figure 2b : Difference of the optimal trading strategies under price and volume uncertainty with the optimal strategies under price uncertainty only, i.e. the strategies represented in Figure 2a with the ones represented in Figure 1b . The graph illustrates how the optimal strategies under price uncertainty only should be adjusted to take into account volume uncertainty as well. For both graphs the market's parameters are listed in Table 1 .
(see Figure 1b) . The second case corresponds to the situation where the trader estimates correctly the variability of the demand forecasts and integrates it to define their trading strategy (see Figure 2a) . Figure 3 depicts how the probability density functions of the trading cost are impacted when the exact distributions of the forecast updates are known by the trader compared to the situation where the trader wrongly assumes zero variability. The more risk-averse a trader, the more pronounced the difference between the densities. Table 3 and Figure 3 clearly illustrate the benefit of including volume uncertainty in Almgren and Chriss' model. First, a trader assessing correctly the volume uncertainty achieves a significant better mean-CVaR trade-off. Second, we observe that, when both sources of uncertainty are considered, the more risk-averse the trader, the lower the CVaR of the optimal trading strategy, which is not the case if only price uncertainty is considered. Comparison of the probability density functions of the trading cost when the uncertainty due to the total volume to be traded is taken into account in Model (18) . The dotted blue lines correspond to the optimal strategies obtained under the assumption of zero variability of the total demand. The solid red lines correspond to the optimal strategies when both sources of uncertainty is taken into account. Table 3 gives their expectation, variance and CVaR values for the different risk-aversions. One million random paths are generated to derive these plots.
Frameworks comparison
From Table 3 and Figure 3 , we have observed that a trader assessing correctly the volume uncertainty achieves better mean-CVaR trade-offs at the cost of a higher trading cost variance which is of primary interest in Almgren and Chriss' paper [1] . Hence, in this section we would like to compare the performance obtained with Almgren and Chriss' recursive model and Model (18) that considers both price and volume uncertainty. Since the objective function of these two models differs, it is delicate to compare the models' performances; indeed, we could not find a sensible way to derive the relation linking the risk-aversion in the mean-variance framework with the one in the mean-CVaR framework. However, the optimal strategy converges when the risk-aversion increases. Hence, we may safely assume that, to a trader described by a risk-aversion parameter λ Variance = 10 −4 in the mean-variance framework, corresponds the trader described by a risk-aversion parameter λ CVaR 0.7 = 10 in the mean-CVaR framework; it describes a trader exclusively focused on risk reduction. Figure 4 depicts the probability density functions and cumulative distribution functions of the trading cost for an extremely risk-averse trader in both frameworks. From the cumulative distribution functions, we observe empirically that the random variable T C mean-variance of trading costs that results from applying the Almgren-Chriss model with full recourse every time an updated forecast of the total trade volume d T becomes available is first order stochastically dominant over the random variable T C mean-CVaR of trading costs resulting from our Model (18):
Indeed, we observe from the lower graph of Figure 4 that
for all x, where F A is the cumulative distribution function of random variable A. As a consequence, in this situation, even though the variance is lower for the optimal strategy given by Almgren and Chriss' model, a reasonable trader that is looking for profit should always adopt the optimal strategy proposed by Model (18) . Note that (18) is a static model whose performance could be further improved by taking recourse, but even without this feature it yields lower transaction costs. We thus conclude that the advantages of (18) cannot simply be matched by augmenting a classical approach in conjunction with an outer iteration of recourse actions. 
Comments
Under the parameter setting of Figure 2a , the residual volumes to be traded due to the errors made on the total volume forecast are assumed to be evenly redistributed over the following trading periods. However, the optimal strategies obtained via Model (18) depend on this fixed choice of a redistribution rule, i.e. the matrix β. Hence, better strategies might be obtained if, combined with the trading strategy, the redistribution coefficients were also optimised. Though we leave this as a topic for future research, numerical simulations we carried out suggest that the transaction cost variable T C mean−CV aR depends only mildly on the choice of β.
In this paper, we have also assumed that the random variables representing the forecast updates were identically distributed. In practice this assumption is often not verified. For instance, on the power Almgren⁶and⁶Chriss⁻⁶model⁶ ith⁶recourse Our⁶Model Figure 4 : Comparison of the probability density functions and cumulative distribution functions of the trading cost of an extremely risk-averse trader in Almgren and Chriss' model [1] and in Model (18) in a market subjected to price and volume uncertainty. The dotted blue lines correspond to Almgren and Chriss' model [1] . The solid red lines correspond to Model (18) . Tables 2 and 3 give their expectation, variance and CVaR values. One million random paths are generated to derive these plots. (18) when (i) a trader considers that the only uncertainty comes from the price dynamics (strategies depicted in Figure 1b) , and when (ii), they consider the uncertainty due to the price dynamics and the total volume to be traded (strategies depicted in Figure 2a) . In both situations, the market's parameters are listed in Table 1 . power market, the standard deviation of the total demand forecasts updates regarding the time horizon is not constant and follows a "∩" profile. Indeed, for large forecast time horizons, forecasts' updates are relatively small since they are mainly based on the seasonal trend. At shorter time scales when weather forecasts become available and steadily become more precise, i.e. for time horizons going from a couple of weeks to several hours ahead of the delivery time, the forecast updates are more significant. Finally, the last forecast updates are slight adjustments to ensure the market clearing constraint. On the other hand, in mutual funds the standard deviation of the total demand forecasts updates follows a "∪" profile. Further investigation is thus needed to analyse the impact of the forecasts uncertainty profile on the performance of our approach compared to the model of Almgren and Chriss [1] . As mentioned in [9] , the variance is a symmetric measure of risk that penalise advantageous trading cost realisations as much as adverse ones. By contrast, the CVaR measure exclusively focuses on the tail of the adverse realisations. Hence, we believe that the gain of performance obtained by assessing risk with the CVaR measure, would be even greater in the case of non symmetric trading cost distributions; a result illustrated by Feng, Rubio, and Palomar in [9] in a framework where the sole source of uncertainty comes from the price dynamics.
Since the optimal redistribution coefficients depend on the profile of the standard deviation of the forecasts updates, the two points raised above should be jointly addressed and leave space for further investigation.
Implementation
The optimisation problems under Almgren and Chriss' model are solved with the optimisation software Gurobi, 2 whereas a gradient descend method has been implemented to solve Model (18) . The latter relies on Propositions 1 to 4 to have a close form formula of the trading cost expectation, and on a Monte-Carlo simulation to estimate the CVaR of the trading cost of a trading strategy. The gradient of the objective function of Model (18) , which is differentiable, is also obtained with a Monte-Carlo simulation. Indeed, given a trading planȳ and the trading cost function C : R N × Ω → R; (y, ω) → C(y ; ω), the set of events ω ∈ Ω such that function C( · ; ω) : R N → R; y → C(y ; ω) is not differentiable in y atȳ is of measure zero since the underlying distributions of the price moves and the forecast updates are assumed continuous. As a consequence, there is a zero probability to get an event ω ′ in a Monte-Carlo simulation for which function C( · ; ω ′ ) is not differentiable atȳ. Finally, in our framework, a Monte-Carlo method provides better accuracy compared to a finite difference method.
Conclusion
In this paper we considered the optimal trade execution problem in a setting where not only price uncertainty grows in time, as in the classical literature, but the required trade volume is also uncertain and becomes only known at the end of the trading period. We assume that increasingly more accurate forecasts on the required trade volume are available, so that the second type of uncertainty decreases in time. The model presented in this paper is designed to manage both uncertainties via risk terms, so as to be pre-computable and avoid the combinatorial explosion of dynamic programming approaches. We have demonstrated that the model has desirable convexity properties that guarantee the existence and uniqueness of an optimal solution, that it can be efficiently implemented, and that it produces significantly lower transaction costs in comparison to classical trade execution approaches, even if the latter are given the added advantage of taking recourse whenever a new forecast becomes available. Proof.
Hence with Proposition 2 and Proposition 3 the result is proven.
As a consequence, we have a closed form expression of the expectation of the trading cost using Proposition 1 and Proposition 4.
